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@ A class of nonlinear wave equations with loop, cuspon and breather
solutions

@ Integrable discretization and integrable self-adaptive moving mesh
methods

o Construction of self-adaptive moving mesh methods by hodograph
transformation

@ Summary and further topics
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Structure-preserving and moving mesh numerical methods

Multi-symplectic integrator
Invariant-preserving integrator
Integrability-preserving methods
Moving mesh methods

Self-adaptive moving mesh methods

B. Leimkuhler and S. Reich, Simulating Hamiltonian Dynamics
(Cambridge University Press, 2004).

D. Furihata and T. Matsuno, Discrete Variational Derivative Method
(CRC Press, Boca Raton, FL, 2011)

W. Huang and R. D. Russell, Adaptive Moving Mesh Methods (Springer,
FL, 2011).
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Integrable numerical schemes to soliton equation

Semi-discrete NLS equation (Ablowitz-Ladik lattice) to the Nonlinear Schrédinger
(NLS) equation iqs + qzo + 2|q|2q =0,

i% 4 Bet1 = 2qx + qr—1

dt h?

where g, = g(kh,t). D.A. Karpeev, C.M. Schober, Math. and Compt. Simul.
56 (2001) 1456
C.M. Schober, Phys. Lett. A 259 (1999) 1401.
Fully discrete sine-Gordon equation u,; = sinu

+ lgkl?(gr+1 + gr—1) = 0,

+1 1 +1 1 +1 1 +1 1
1wl — Uy —uy L Uy U T U g
— sin = sin .
ab 4 4

where v}, = u(ka, Ib).

M. J. Ablowitz, B. M. Herbst, and C. M. Schober, Phys. Rev. Lett. 71, 2683
(1993).

M. J. Ablowitz, B. M. Herbst, and C. M. Schober, J. Comput. Phys. 126, 299

(1996), 131, 354 (1997).
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The Camassa-Holm equation and its short wave model

The Camassa-Holm equation
2
Ut + 2K Uz — Utzg + 3UUL = 2UzgUgy + UUggza

my + 2mu, + umy, = 0, m:nz—l—u—uww

R. Camassa, D.D. Holm, Phys. Rev. Lett. 71 (1993) 1661
Inverse scattering transform, A. Constantin, (2001)
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The Camassa-Holm equation and its short wave model

The Camassa-Holm equation
2
Ut + 2K Uz — Utzg + 3UUL = 2UzgUgy + UUggza

my + 2mu, + umy, = 0, m:nz—i—u—uww

R. Camassa, D.D. Holm, Phys. Rev. Lett. 71 (1993) 1661
Inverse scattering transform, A. Constantin, (2001)

Short wave limit: ¢ — et,x — x/€,u — €2u

The Hunter-Saxton equation

2
Utgr — 2K Uz + 2UgzUgy + UUgre = 0

Hunter, & Saxton (1991): Nonlinear orientation waves in liquid crystals
Hunter & Zheng (1994): Lax pair, bi-Hamiltonian structure
FMO (2010): Integrable semi- and fully discretizations
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The Degasperis-Procesi equation and its short wave model

The Degasperis-Procesi equation
ug + 363Uy — Ugpe + 4UUL = BUpUpy + UUgae

m; + 3mu, +um, =0, m:r<;3—i-u—uc,393

A. Degasperis, M. Procesi, (1999)
Degasperis, Holm, Hone (2002)
N-soliton solution, Matsuno (2005)
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The Degasperis-Procesi equation and its short wave model

The Degasperis-Procesi equation
ug + 363Uy — Ugpe + 4UUL = BUpUpy + UUgae

m; + 3mu, +um, =0, m:r<;3—i-u—uc,mJ

A. Degasperis, M. Procesi, (1999)
Degasperis, Holm, Hone (2002)
N-soliton solution, Matsuno (2005)
Short wave limit:

3 —
Utpr — 3K Ugp + 3UzUzy + UlUgze = 0

1
Uy — 363U + E(uZ)mc =0

@ Reduced Ostrovsky equation, L.A. Ostrovsky, Okeanologia 18, 181 (1978).
@ Vakhnenko equation, V. Vakhnenko, JMP, 40, 2011 (1999)
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The short pulse equation

1
Uzt = U + g(u3)wm

@ Schifer & Wayne(2004): Derived from Maxwell equation on the setting of
ultra-short optical pulse in silica optical fibers.

@ Sakovich & Sakovich (2005): A Lax pair of WKI type, linked to sine-Gordon
equation through hodograph transformation;

@ Brunelli (2006) Bi-Hamiltonian structure, Phys. Lett. A 353, 475478

@ Matsuno (2007): Multisoliton solutions through Hirota's bilinear method

@ FMO (2010): Integrable semi- and fully discretizations.
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Complex short pulse equation

Complex short pulse equation

1
qzt +q + 5(|q|2qm)m =0

@ The complex short pulse equation, which can be derived from Maxwell
equation, is more natural and appropriate than short pulse equation in
describing the propagation of the ultra-short pulses. It is an analogue of the
NLS equation for the ultra-short pulses.

@ |t is integrable and and has exact IN-envelop soliton solution.

@ B.-F (2015) Physica D 297, 62-75
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Coupled complex short pulse equation

Coupled complex short pulse equation

1
q1,2t +q1 + N ((|¢11|2 + B|¢12|2)‘11,w);,J =0,

1
q2,0t + g2 + 2 ((|qz|2 + B|ql|2)(12,ac)m =0.

@ The parameter B is related to the ellipticity angle 8 as

_ 2 + 2sin% 0
T 24cos20
@ For a linearly birefringent fiber (8 = 0), B = % for a circularly birefringent
fiber (0 = w/2), B = 2. Only when B = 1, it is integrable.

B.-F. Feng (UT-Pan American) Self-adaptive moving mesh method October 17, 2015 9 /42



The generalized sine-Gordon equation

The generalized sine-Gordon equation

Ugt = (1 + 0044) sinu, o ==1

@ Proposed by A. Fokas through a bi-Hamiltonian method (1995)

@ Matsuno gave a variety of soliton solutions such as kink, loop and breather
solutions (2011)

@ For o = 1, under the short wave limit & = u/e, = (x — t) /e, t = €t, it
converges to the short pulse equation.

@ Under the long wave limit 4 = u,Z = ex, t = t/€, it converges to the

sine-Gordon equation.
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The link of the short pulse equation to the coupled

dispersioless equation

1 1
Uyt = U + §(u2um)m , 0x(0 — Euzam)u =u.

157
—<2u 1—|—u§> =0

x

It can be easily shown that

(v

t
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The link of the short pulse equation to the coupled

dispersioless equation

1 1
Uyt = U + §(u2um)m , 0x(0 — Euzam)u =u.

157
—<2u 1—|—u§> =0

x

It can be easily shown that

(v

Letting p = (1 + ui)l/z, we can define a hodograph transformation

t

1
dy = pdxr — §u2pdt, ds =dt,

or
1
Oy = p_lay, Oy = 05 + Euzp_lay

which leads to
Uys = PU,

1
Ps + E(uz)y =0
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Lax pairs for the SP and the CD equations

The Lax pair for the CD equation

v, =U%¥, ¥,=VV,

U=-ix| 7P "), v=( & 72
Uy —P 2 Tax

The compatibility condition Uy — V, — UV + VU = 0 gives the CD equation.
Then we get the Lax pair for the SP equation through the hodograph
transformation 8y = p8y, 8s = 0y — 1/2u?8,

T, =U%, ¥, =V,

U=—u<1 %>
u, —1

o ia,2 _ix, 2 _u

V = 4}{\ 2 U 2_““50_)‘ 2
_L 2 (A ix, 2
uuw—l— 4)\—|—2u
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Bilinear equations of the short pulse equation

Theorem

The bilinear equations

2 1 2
DsDyf’g:f97 Dsf°f:§g )

where

DrDmy —(3 8)n(8 a)mf( Yy )|
vl 9= s T o) \ay " ay) T VIW S lumye=s

give the short pulse equation
Upr = U + 5 (uzum)w
through the hodograph and dependent variable transformations

r=y—2(nf)s, t=s, u==
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Proof of the Theorem (1)

Dyf’g:.fyg_fgy7 DsDyf°g:fsyg_.fsgy_fygs+.fgsy7

DsDyf-g9 _ (g) 9(1 g
72 7),, T Dy
D2f.
Dg.f'fzzfsy.f_zfsfya sj_.fzf :2(1nf)ss

g g

Z) =(@1 =201 $)=,

(f)sy (1 = 2(n £),0)§
2(In f) —19—2
( ss — 2f2
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Dyf’g:.fyg_fgy7 DsDyf°g:fsyg_.fsgy_fygs+.fgsy7

DsDyf-g9 _ (g) 9(1 g
72 7),, T Dy
D2f.
Dg.f'fzzfsy.f_zfsfya sj_.fzf :2(1nf)ss

g g

Z) =(@1 =201 $)=,

(f)sy (1 = 2(n £),0)§
2(In f) —19—2
( ss — 2f2

Letu=g/f, p=1—2(In f)ys, we have
Uys = PU,

1
Ps + 5(“2)3; = O
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Proof of the Theorem (II)

Recall the hodograph transformation

z=y—2(Inf)s, t=s,

ox ox 1
7=1—21 s — 7=—21 8s — —— 2
- (I f)ys = p oo = =200 f)es = —5u

or
1 2
By =pda; 8, =08, — u’d,

So the coupled dispersionless equation becomes
1,
0, (8¢ — Eu Oz)u =u

which is exactly the short pulse equation.
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Multi-soliton solution to the short pulse equation

The short pulse equation admits multi-soliton solution

A I &T
A T T
f= ,g=|—-I B 0
-1
2N xX2N 0 C 0

where the elements defined respectively by

Q;j =

1
— &i+&; b .
- —_ i € 9 K¥]

2(Pi ! + p; 1)

P — (651,652,-“ ,eiN),

with & = p;y + is + &io

B.-F. Feng (UT-Pan American)
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Integrable semi-discrete short pulse equation

By discrete hodograph transformation x, = 2ka — 2(In fx)s, t = s

and dependent variable transformations uy = ?“_z’ the bilinear equations

2Ds(gk+1* fr — G - frt1) = Grt1 i + Grfrra s
D2f. - fr = 397 -

give an integrable semi-discrete short pulse equation

{ 4 (upg1 — u) = 2 (@Tpt1 — ) (Ung1 + ur)

d _ _1(. 2 2
25 (@r41 —xk) = —3 (Uk+1 - uk)
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Proof of the semi-discrete SP equation (1)
Denote fr = f(ka, s), gr = g(ka, s), and consider

DsDy.f g = fsyg - fsgy - .fygs + fgsy’
Srt1,s — Jr, grk+1 — Gk
N Mgk _ .fk,s+7

fer1 — e Gr+1,s — ks
9k,s +

Sr

a
g(9k+1,sfk — fr,s9k+1 — Gk, s fre+1 + e frt1,s)
1

;Ds(gk+1 “fr — 9k * frt1)

we could propose
2Ds(grt1 fr — 9k * Frt1) = g1 S + grFrta s
D2fy - fr = 299k -
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Proof of the semi-discrete SP equation (Il)

1
;Ds(9k+1 “fr— 9k frt1) = Grt1fre + G et

1
2 2
D} frx - fx = 39k
The second bilinear equation can be rewritten as
1g2 1

— g2,

(ln fk')ss e Zflz 1

From the hodograph transformation, we have

Tpt1 — T = 2a — 2 <1n fk+1> ,
T /s

it immediately follows

d
2o Tkt = TR) = — o (qi+1 - qﬁ)
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Proof of the semi-discrete SP equation (ll1)

Dividing both sides by fr1 fr, the first bilinear equations can be calculated out
by

<gk+1,s _ gk,s) _ Ok41fes = Onfhirs <Qk+1 n gk)
fk—l—l fk fk+1fk fk—|—1 fk ’

which is recast into

(gk—|—1 gk:) ( < fk+1> ) (gk+1 gk)
—== ] =(a—(In + = .
St fe/ s Je /s \Je+1  fe

With the use of discrete hodograph and dependent variable transformations, we

have

d 1
£(Qk+1 —qr) = §($k+1 — k) (qrt1 + qr) - (1)
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Integrable self-adaptive moving mesh method for the short

pulse equation

We apply the semi-implicit Euler scheme to the semi-discrete short pulse
equation
{ 4 (upy1 — uk) = 30k (Ukt1 + uk) 5
(@1 — o) = —5(uiyy —uf),

1
ppt
n+1
0y

where pp = ug, , —uy, 6y =z, — xp.

as follows

P + %52(u71:+1 + up)At,

op — 3 ((pth? — (up™?) at,
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Integrable self-adaptive moving mesh method for the short

pulse equation

We apply the semi-implicit Euler scheme to the semi-discrete short pulse
equation
{ 4 (upy1 — uk) = 30k (Ukt1 + uk) 5
(@1 — o) = —5(uiyy —uf),
as follows
PRt = pp + 3o7(up,, + up)At,
{ ot = o — 4 (wpfh? - (pthy?) ad,
where pp = ug, , —uy, 6y =z, — xp.
@ Although the semi-implicit Euler is a first-order integrator, it is
symplectic which is an appropriate for the Hamiltonian system

@ The mesh is evolutive and self-adaptive, so we name it self-adaptive
moving mesh method.
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The complex short pulse equation and the complex coupled

dispersionless equation

1
et +q + 5 (|Q|2qm)m =0,

1
(Vi+iak) +(GlaPy1+1az) =o.
t

x

gives

This leads to a hodograph transformation by defining p = /1 4 |q|2. As a
result, we obtain the so-called complex coupled dispersionless equation

dys = Pq,
1
oot 2(la)y, =0

Konno K, Kakuhata H. J Phys Soc Jpn 1995, 64, 2707; 1996;65:713.
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Bilinear equations of the complex short pulse equation

Theorem

The complex short pulse equation

1
9ot + g + 2 (|q|2€lm)ac =0

can be derived from bilinear equations

2 1o 2
DsDyf‘ngg’ Dsf'f=§|g| )
through the hodograph and dependent variable transformations

g
w=y—2(lnf)sv t=—s, qz?
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Integrable semi-discrete complex short pulse equation

The semi-discrete analogue of the complex short pulse equation

d%(‘lkﬂ —qr) = (@1 — =) (Grt1 + )
A (wrq1 — ) = — % (lgr41]? — laxl?)

is decomposed into bilinear equations:

2Dy(gkt1 - fr — 9k - Frr1) = g1 i + grFrta s
D2fy - fr = 29kJk -

through discrete hodograph transformation and dependent variable

transformations xy, = 2ka — 2(In fx)s, t = —s, qr = gf—’;
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Integrable semi-discrete coupled complex short pulse equation

Theorem
The semi-discrete coupled complex short pulse equation

%(‘h,k—i—l —qix) = %($k+1 — ) (q1,e+1 + q1k)
L (@241 — G2.6) = 3 (@Tet1 — Tr) (G2,e41 + G2,8) »
F(wryr — o) = —3 3 (g el — lgiel?),

is decomposed into bilinear equations:
%Ds(gl(c:)_l =9 o) = g;(e:).lfk + 9P frr, i=1,2
1 2
D2fy - fu =3 (lgz(c s |91(c )|2) .
through discrete hodograph transformation and dependent variable

o
gk

transformations xr, = 2ka — 2(In fi)s, t = —s, qi 6 =
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Integrable self-adaptive moving mesh method for the complex

short pulse equation

We apply the semi-implicit Euler scheme to the semi-discrete complex
short pulse equation

%(Qk+1 —qx) = %5k(Qk+1 + qk) ,
d
g @1 — ) = —3(lalf 1, — lal?)

as follows

Pt =R+ 300 (aly, + 4P AL,
optt =op — 3 (Ualpth? — (alp™)?) At

where pi = qp' 1 — gy, op = Tpq — T
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Bilinearization to the CH equation

Theorem (F-Maruno-Ohta (2008))
The CH equation

my + 2mu, +um, =0, m=—4+u— Uz,
c

is derived from the bilinear equations

(DyDs + %Dm 4+ 2¢Dy)g-h =0 (2)
1

5Pyt Vg -b=Ff 3)
1

(304D = )f - f = —gh )

through a hodograph transformation = 2cy + In , t = s and dependent

variable transformation u = (In £)
S
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Proof of the Theorem (1)

(ngh)ys + (), +20)(m D)+ 2y —2=0,  (3)
1.9 ff

Z(lnﬁ)y+1=g—h, (6)
(n )y =1 = =22 ")
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Proof of the Theorem (1)

(nghye + (0 ), + 20 )+ ) —2=0,
s ), +1=20, ()
(n )y =1 = =22 ™)
(0 82)ye + (n ), + 20)((1n D)1 +2) = j’; (5)
Let p = gh/f2, differentiating Eq. (6) with respect to s
pt =5 9)

Combining (8) with (6)

(0 )y + —(ut 7) = 29 (10)
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Proof of the Theorem (II)

From the hodograph transformation

8y = %8,
ds = 0 + uds .

Substituting into

(Inp)s = —uy,
(O + u8z) Inm = —2u,,

or

my + 2mu, +um, =0, M= —Uyg, +u-+ —.
c

B.-F. Feng (UT-Pan American) Self-adaptive moving mesh method October 17, 2015 29 / 42



Bilinearization to the DP equation

Theorem
The DP equation

my+3mu, +um, =0, m=—4+uU— Uy,
a

is derived from the bilinear equations

1
(D.D; + ng +aDy)g-f=0 (11)
1
(EDZ +1)g-f=cF (12)
1
(EDth —1)F.-F=-GG, gf=cG (13)

through a hodograph transformation * = ay + In %, t = s and dependent

f

variable transformation u = (ln ﬂ)
S
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Semi-discrete Camassa-Holm equation

The bilinear equations of the CH equation

(DyDs + EDy-|-2cDS)_q-h=0 (14)
c
1
(—=Dy+1)g-h=ff (15)
2c
1
(;DyDs = 1)f - f = —gh 16)
Semi-discrete version of the CH equation
((1+ac)Ds +a)gi41 -hy — ((1 —ac)Ds +a)gy - hy41 =0 17)
(a+1/c)gip1hi + (@ —1/c)gihiy1 = 2afi 1101 (18)
1 h; + gih
(;Ds_l)fl+1'fl=_w (19)

Continuous limits for a — 0O are
(17)/a — (14)

(18)/2a — (15)

(19) — (16)
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Semi-discrete Camassa-Holm equation

The semi-discrete version of the bilinear equations

((1 + ac)Ds + a)gy41 - hy — ((1 —ac)Ds +a)gy - hy41 =0
(a+1/c)gip1hy + (a —1/c)gihiy1 = 2afi 4161

1 h; + gih
(CDa = Dfigs - fi = - HHL 20

give the following semi-discrete CH equation

4a2c?
(Wil =W WL~ Wi i wyy1 + wy n 5 52
[J] 61 c 1—a2c2?
4a2c2?
1--=
w+w_1 | 61 51
+6_ 1 —m——— =0,
2 c 1 — a2c?
dd; 1 52 ( )
— = - — | (w —w
dt 4 i+ L
through transformations
a dafiy1 i
wp=(In—)s & = +
hy

(1/e+a)gip1hi + (1/c —a)gihi4a

B.-F. Feng (UT-Pan American)
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Integrable self-adaptive mesh scheme for the Camassa-Holm

equation

A2 Lot (5001, + 1 62/c? — 4a®
wp = — w _—
g Ok k k cdr 1/c? — a? ’
o
00, =(1— 1 o Awy ,
where AF, = LJE:F’“ , MFy, = L—i_fkﬂ .

Time evolution of mesh: Modified forward Euler method and 4th order
Runge-Kutta method

First equation: Solve the tridiagonal linear system by using the standard
iteration method

B.-F. Feng (UT-Pan American)
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Generalization of self-adaptive moving mesh method

Key idea: the introduction of the hodograph transformation

(x,t) — (y, s) based on the conservation law.

Instead of the original PDEs, we consider the numerical solution of
the coupled equation in terms of y and s.

Note that the mesh density p = 0,/8, for the x-variable becomes
nonuniform and time-dependent, which leads to a self-adaptive
moving mesh scheme.

The integrable discretization of the coupled dispersionless equation

will lead to integrable self-adaptive moving mesh method.
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General self-adaptive moving mesh methods for the short pulse

equation

It was easily shown that the short pulse equation

(755), - () -

t x
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General self-adaptive moving mesh methods for the short pulse

equation

It was easily shown that the short pulse equation
2 1 2 2 —
14+u? | — Eu 1+ u? =0

t x
: 2\1/2 . .
Letting p = (1 + um) , we can define a hodograph transformation

dy = pdx — %u2pdt, ds =dt,
the short pulse equation is transformed into the coupled dispersionless equation
Uys = pU,
ps + %(uz)y =0

Then we can work on the structure-preserving schemes for the CD equation,

which becomes self-adaptive moving mesh methods for_the SP equation.
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The generalized sine-Gordon equation and the self-adaptive

moving method

The generalized sine-Gordon equation
Ugt = (1 + 00zz) sinu, uz — (o(cosu)ug), = sinu

or
Ugt — (0 COS U Uy — (1 — ou?) sinu = 0
can be written into a conservative form

(558, e i555) =

t T
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The generalized sine-Gordon equation and the self-adaptive

moving method

The generalized sine-Gordon equation
Ugt = (1 + 00zz) sinu, uz — (o(cosu)ug), = sinu

or
Ugt — (0 COS U Uy — (1 — ou?) sinu = 0

can be written into a conservative form

(558, e i555) =

t T
. 2\1/2 . .
Letting p = (1 + um) , we can define a hodograph transformation
dy = pdx 4+ o cosupdt, ds=dt,

which means

0y = pOy 085 = 0y + cosud,
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The generalized sine-Gordon equation and the self-adaptive

moving mesh method

Uzt — (0(cOsSU)UL)z =sinu, 0,(0 — o cosudy)u = sinu

becomes

Uys = psinu

The conservative form of the gsG equation

(p); — (Fpcosu), = 0
becomes
ps — (occosu)y, =0

In summary
Uys = psinu,

ps —o(cosu)y, =0
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A self-adaptive moving mesh method for the generalized

sine-Gordon equation

Semi-discrete generalized sine-Gordon equation

d%(uk_,_l —ug) = %($k+1 — @) (sin ug+1 + sinug) ,
d%(mk_,_l — x) = o(cos ug+1 — cosug) ,

Self-adaptive moving mesh scheme

pZ+1 =pp + %5Z(sin up,, +sinup)At,
62+1 =0+ (cos uZIll — cos uZJrl) oAt,

— n n n __ n n
where pp = uy, , —uy, 6y =z, — xp.
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General self-adaptive moving mesh methods for the CH

equation

The conservative of the CH equation

my + 2mu, +meau =0, M=K+ uU— Uz

() + am), =0
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General self-adaptive moving mesh methods for the CH

equation

The conservative of the CH equation
my + 2mu, +meau =0, M=K+ uU— Uz

() + am), =0

_%, we can define a hodograph transformation

Let p=m
dy = p~tdx — p~ludt, ds=dt,
The CH equation is transformed into the following coupled equation

{ (lnp)sy = p(n + ’LL) - p_la

Ps —uy =0
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General self-adaptive moving mesh methods for the DP

equation

The conservative of the DP equation

my+3mu, +meau=0, M=K+ uU— Ugy

() + am), =0
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General self-adaptive moving mesh methods for the DP

equation

The conservative of the DP equation
my+3mu, +meau=0, M=K+ uU— Ugy
1 1
(mﬁ) + (umg) =0
t T
Let p = m™~3, we can define a hodograph transformation
dy = p~tdx — p~ludt, ds=dt,
The DP equation is transformed into the following coupled equation

{ (lnp)sy = p(n + ’LL) - p—2,

Ps —uy =0
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General self-adaptive moving mesh methods for the b-family

equation

The conservative of the b-family equation

my +bmu, + meau =0, M=K+ U — Uz,

() + am), =0
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General self-adaptive moving mesh methods for the b-family

equation

The conservative of the b-family equation
my +bmu, + meau =0, M=K+ U — Uz,
1 1
(mi) + (umi) =0
t @
Let p = m™~%, we can define a hodograph transformation
dy = p~tdx — p~ludt, ds=dt,
The b-family equation is transformed into the following coupled equation

{ (np)sy =p(k+u)— p~ ot

Ps —uy =0
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Conclusion and further topics

@ A novel numerical method: integrable self-adaptive moving mesh method, is
born from integrable discretizations of a class of soliton equations with
hodograph transformation

@ A self-adaptive moving mesh method is not necessarily to be integrable for
integrable equations, which makes the task mcu easier

@ A self-adaptive moving mesh method is not designed for integrable
equations. It can be designed for other non-integrable equations based on

hodograph transformation
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Conclusion and further topics

@ A novel numerical method: integrable self-adaptive moving mesh method, is
born from integrable discretizations of a class of soliton equations with
hodograph transformation

@ A self-adaptive moving mesh method is not necessarily to be integrable for
integrable equations, which makes the task mcu easier

@ A self-adaptive moving mesh method is not designed for integrable
equations. It can be designed for other non-integrable equations based on
hodograph transformation

@ Further topic 1: Detailed study and comparison of self-adaptive moving
methods for several integrable equations mentioned here

@ Further topic 2: Design ans study of self-adaptive moving mesh method for

non-integrable nonlinear wave equations
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